We show that the three-qubit entanglement classes: (0) Null, (1) Separable A-B-C, (2a) Biseparable A-BC, (2b) Biseparable B-CA, (2c) Biseparable C-AB, (3) W and (4) GHZ correspond respectively to ranks 0, 1, 2a, 2b, 2c, 3 and 4 of a Freudenthal triple system defined over the Jordan algebra C ⊕ C ⊕ C. We also compute the corresponding SLOCC orbits.
I. INTRODUCTION
Quantum entanglement lies at the heart of quantum information theory, with applications to quantum computing, teleportation, cryptography and communication [1] . The case of three qubits (Alice, Bob, Charlie) is particularly interesting [2] [3] [4] [5] [6] [7] [8] [9] [10] since it provides the simplest example of inequivalently entangled states. It is by now well understood that there are seven entanglement classes: (0) Null, (1) Separable A-B-C, (2a) Biseparable A-BC, (2b) Biseparable B-CA, (2c) Biseparable C-AB, (3) W and (4) GHZ. We summarise this conventional classification of three-qubit entanglement in section II.
The purpose of the present paper is to give a novel version of this classification by invoking that elegant branch of mathematics involving Jordan algebras and Freudenthal triple systems (FTS). In particular we note that an FTS is characterised by its rank: 0 to 4. (The relevant mathematics is briefly reviewed in appendix A).
By making the following direct correspondence between a three-qubit state vector |ψ and a Freudenthal triple system Ψ over the Jordan algebra C ⊕ C ⊕ C: |ψ = a ABC |ABC ↔ Ψ = a 111 (a 001 , a 010 , a 100 ) (a 110 , a 101 , a 011 ) a 000 ,
we show in section III that the structure of the FTS naturally captures the Stochastic Local Operations and Classical Communication (SLOCC) classification described in section II. The entanglement classes correspond to FTS ranks 0, 1, 2a, 2b, 2c, 3 and 4, respectively. This also facilitates a computation of the SLOCC orbits.
The concept of entanglement is the single most important feature distinguishing classical information theory from quantum information theory. We may naturally describe and harness entanglement by the protocol of Local Operations and Classical Communication (LOCC). LOCC describes a multi-step process for transforming any input state to a different output state while obeying certain rules. Given any multipartite state, we may split it up into its relevant parts and send each of them to different labs around the world. We allow the respective scientists to perform any experiment they see fit; they may then communicate these results to each other classically (using email or phone or carrier pigeon). Furthermore, for the most general LOCC, we allow them to do this as many times as they like. Any classical correlation may be experimentally established using LOCC. Conversely, all correlations not achievable via LOCC are attributed to genuine quantum correlations.
Since LOCC cannot create entanglement, any two states which may be interrelated using LOCC ought to be physically equivalent with respect to their entanglement properties. Two states of a composite system are LOCC equivalent if and only if they may be transformed into one another using the group of local unitaries (LU), unitary transformations which factorise into separate transformations on the component parts [11] . In the case of n qudits, the LU group (up to a phase) is given by [SU (d)]
n . For unnormalised three-qubit states, the number of parameters [2] needed to describe inequivalent states or, what amounts to the same thing, the number of algebraically independent invariants [7] is thus given by the dimension of the space of orbits
namely 16 − 10 = 6. These six invariants are given as follows.
1:
The norm squared:
Typeset by REVT E X arXiv:0812.3322v4 [quant-ph] 5 Mar 2010
2A, 2B, 2C: The local entropies:
where ρ A , ρ B , ρ C are the doubly reduced density matrices:
3: The Kempe invariant [3, 7, 12, 13] :
where ρ AB , ρ BC , ρ CA are the singly reduced density matrices:
4: The 3-tangle [14] 
where a ABC are the state coefficients appearing in (1) and where Det a ABC is Cayley's hyperdeterminant [15, 16] :
Here ε is the SL(2, C)-invariant alternating tensor
We also adopt the Einstein summation convention that repeated indices are summed over.
The LU orbits partition the Hilbert space into equivalence classes. However, for single copies of pure states this classification is both mathematically and physically too restrictive. Under LU two states of even the simplest bipartite systems will not, in general, be related [4] . Continuous parameters are required to describe the space of entanglement classes [2, [6] [7] [8] . In this sense the LU classification is too severe [4] , obscuring some of the more qualitative features of entanglement. An alternative classification scheme was proposed in [4, 11] . Rather than declare equivalence when states are deterministically related to each other by LOCC, we require only that they may be transformed into one another with some non-zero probability of success. This coarse graining goes by the name of Stochastic LOCC or SLOCC for short. Stochastic LOCC includes, in addition to LOCC, those quantum operations that are not trace-preserving on the density matrix, so that we no longer require that the protocol always succeeds with certainty. It is proved in [4] that for n qudits, the SLOCC equivalence group is (up to an overall complex factor) [SL(d, C)]
n . Essentially, we may identify two states if there is a non-zero probability that one can be converted into the other and vice-versa, which means we
n orbits rather than the [SU (d)] n kind of LOCC. This generalisation may be physically motivated by the fact that any set of SLOCC equivalent states may be used to perform the same non-classical operations, only with varying likelihoods of success.
In the case of three qubits, the group of invertible SLOCC transformations is SL(2, C) × SL(2, C) × SL(2, C). Tensors transforming under the Alice, Bob or Charlie SL(2, C) carry indices A 1 , A 2 ..., B 1 , B 2 ... or C 1 , C 2 ..., respectively, so a ABC transforms as a (2, 2, 2). Hence the hyperdeterminant (9) is manifestly SLOCC invariant. Further, under this coarser SLOCC classification, Dür et al. [4] used simple arguments concerning the conservation of ranks of reduced density matrices to show that there are only six three-qubit equivalence classes (or seven if we count the null state); only two of which show genuine tripartite entanglement. They are as follows.
Null:: The trivial zero entanglement orbit corresponding to vanishing states,
Separable:: Another zero entanglement orbit for completely factorisable product states,
Biseparable:: Three classes of bipartite entanglement W:: Three-way entangled states that do not maximally violate Bell-type inequalities in the same way as the GHZ class discussed below. However, they are robust in the sense that tracing out a subsystem generically results in a bipartite mixed state that is maximally entangled under a number of criteria [4] ,
GHZ:: Genuinely tripartite entangled GreenbergerHorne-Zeilinger [17] states. These maximally violate Bell-type inequalities but, in contrast to class W, are fragile under the tracing out of a subsystem since the resultant state is completely unentangled,
These classes and the above representative states from each class are summarised in Table I . They are characterised [4] by the vanishing or not of the invariants listed in the table. Note that the Kempe invariant is redundant in this SLOCC classification. A visual representation of these SLOCC orbits is provided by the onion-like classification [16] of Figure 1a . These SLOCC equivalence classes are then stratified by non-invertible SLOCC operations into an entanglement hierarchy [4] as depicted in Figure 1b . Note that no SLOCC operations (invertible or not) relate the GHZ and W classes; they are genuinely distinct classes of tripartite entanglement. However, from either the GHZ class or W class one may use non-invertible SLOCC transformations to descend to one of the biseparable or separable classes and hence we have a hierarchical entanglement structure.
III. THE FTS CLASSIFICATION OF QUBIT ENTANGLEMENT A. FTS representation of three-qubits
The goal of this section is to show that the classification of three qubits can be replicated in the completely different mathematical language of Jordan algebras and Freudenthal triple systems. A Jordan algebra J is vector space defined over a ground field F equipped with a bilinear product satisfying
One is then able to construct an FTS by defining the vector space M(J),
An arbitrary element x ∈ M(J) may be written as a "2×2 matrix",
The relevant details of these constructions are spelled out in appendix A. The FTS comes equipped with a quadratic form {x, y}, a triple product T (x, y, z) and a quartic norm q(x, y, w, z), as defined in (A12a), (A12c) and (A12b). Of particular importance is the automorphism group Aut(M(J)) given by the set of all transformations which leave invariant both the quadratic form and the quartic norm q(x, y, w, z) [18] . The Lie group and the dimension of its representation given by the Freudenthal construction defined over the cubic Jordan algebra J. The case J = F ⊕ F ⊕ F with F = C will be the FTS used to represent three qubits.
Following [19] , the Jordan algebras, the Freudenthal triple systems, and their associated automorphism groups, are summarised in Table II . The conventional concept of matrix rank may be generalised to Freudenthal triple systems in a natural and Aut(M(J)) invariant manner. The rank of an arbitrary element x ∈ M(J) is uniquely defined using the relations in Table III [19, 20] .
Our FTS representation of three qubits corresponds to the special case of Table II where the Jordan algebra is simply J C = C ⊕ C ⊕ C. Define the cubic form
where A = (A 1 , A 2 , A 3 ) ∈ J C . One finds, using (A3),
Then, using Tr(A , B) = 3N (A, A, B), the quadratic adjoint is given by
and therefore
It is not hard to check Tr(A, B) is non-degenerate and so N is Jordan cubic as described in appendix A1. Hence, we have a cubic Jordan algebra J C = C ⊕ C ⊕ C with product given by
The structure and reduced structure groups are given by [SO(2, C)] 3 and [SO(2, C)] 2 respectively. We are now in a position to employ the FTS M(J C ) = C ⊕ C ⊕ J C ⊕ J C as the representation space of three qubits. In this case, an element of the FTS is given by 
The essential purpose of this paper is to identify these eight complex numbers with the eight complex components of the three qubit wavefunction |Ψ = a ABC |ABC ,
(a 001 , a 010 , a 100 ) (a 110 , a 101 , a 011 ) a 000 (25) so that all the powerful machinery of the Freudenthal triple system may now be applied to qubits. Using (A12b) one finds that the quartic norm q(Ψ) is related to Cayley's hyperdeterminant by
where, following [21] [22] [23] we have defined the three matrices γ A , γ B , and γ
transforming respectively as (3, 1, 1),
where we have made the decimal-binary conversion 0, 1, 2, 3, 4, 5, 6, 7 for 000, 001, 010, 011, 100, 101, 110, 111. The γ's are related to the local entropies of section II by
and their cyclic permutations.
The triple product maps a state Ψ, which transforms as a (2, 2, 2) of [SL(2, C)]
3 , to another state T (Ψ, Ψ, Ψ), cubic in the state vector coefficients, also transforming as a (2, 2, 2). Explicitly, T (Ψ, Ψ, Ψ) may be written as
where T ABC takes one of three equivalent forms
This definition permits us to link T to the norm, local entropies and the Kempe invariant of section II:
Having couched the three-qubit system within the FTS framework we may assign an abstract FTS rank to an arbitrary state Ψ as in Table III . Strictly speaking, the automorphism group Aut(M(J)) is not simply SL(2, C)×SL(2, C)×SL(2, C) but includes a semi-direct product with the interchange triality A ↔ B ↔ C. The rank conditions of Table III are invariant under this triality. However, as we shall demonstrate, the set of rank 2 states may be subdivided into three distinct classes which are inter-related by this triality. In the next section we show that these rank conditions give the correct entanglement classification of three qubits as in Table IV .
B. The FTS rank entanglement classes
Rank 0 trivially corresponds to the vanishing state as in Table IV . Since this implies vanishing norm, it is usually omitted from the entanglement discussion. 
Rank 1 and the class of separable states
A non-zero state Ψ is rank 1 if
which implies, in particular,
For the case
and similarly
So the weaker condition (35) means that at most only one of the gammas is nonvanishing.
From (26) , moreover, it has vanishing determinant. Furthermore,
or
where
So the stronger condition (34) means that all three gammas must vanish. Using (29) it is then clear that all three local entropies vanish. Conversely, from (30), S A = S B = S C = 0 implies that each of the three γ's vanish and the rank 1 condition is satisfied. Hence FTS rank 1 is equivalent to the class of separable states as in Table IV .
Rank 2 and the class of biseparable states
A non-zero state Ψ is rank 2 or less if and only if T (Ψ, Ψ, Ψ) = 0. To not be rank 1 there must exist some Φ such that 3T (Ψ, Ψ, Φ) + {Ψ, Φ}Ψ = 0. It was shown in section III B 1 that this is equivalent to only one nonvanishing γ matrix.
Using (29) it is clear that the choices γ A = 0 or γ B = 0 or γ C = 0 give S A = 0, S B,C = 0 or S B = 0, S C,A = 0 or S C = 0, S A,B, = 0, respectively. These are precisely the conditions for the biseparable class A-BC or B-CA or C-AB presented in Table I .
Conversely, using (29) , (30) and the fact that the local entropies and tr(γ † γ) are positive semidefinite, we find that all states in the biseparable class are rank 2, the particular subdivision being given by the corresponding non-zero γ. Hence FTS rank 2 is equivalent to the class of biseparable states as in Table IV .
Rank 3 and the class of W-states
A non-zero state Ψ is rank 3 if q(Ψ) = −2 Det a = 0 but T (Ψ, Ψ, Ψ) = 0. From (32) all three γ's are then non-zero but from (26) all have vanishing determinant. In this case (29) implies that all three local entropies are non-zero but Det a = 0. So all rank 3 Ψ belong to the W-class.
Conversely, from (29) it is clear that no two γ's may simultaneously vanish when all three S's > 0. We saw in section III B 1 that T (Ψ, Ψ, Ψ) = 0 implied at least two of the γ's vanish. Consequently, for all W-states T (Ψ, Ψ, Ψ) = 0 and, therefore, all W-states are rank 3. Hence FTS rank 3 is equivalent to the class of W-states as in Table IV .
Rank 4 and the class of GHZ-states
The rank 4 condition is given by q(Ψ) = 0 and, since for the three-qubit FTS q(Ψ) = −2 Det a, we immediately see that the set of rank 4 states is equivalent to the GHZ class of genuine tripartite entanglement as in Table IV. Note, Aut(M(J C )) acts transitively only on rank 4 states with the same value of q(Ψ) as in the standard treatment. The GHZ class really corresponds to a continuous space of orbits parametrised by q.
In summary, we have demonstrated that each rank corresponds to one of the entanglement classes described in section II. The fact that these classes are truly distinct (no overlap) follows immediately from the manifest invariance of the rank conditions.
C. SLOCC orbits
We now turn our attention to the coset parametrisation of the entanglement classes. The coset space of each orbit (i = 1, 2, 3, 4) is given by G/H i where G = [SL(2, C)] 3 is the SLOCC group and
3 is the stability subgroup leaving the representative state of the ith orbit invariant. We proceed by considering the infinitesimal action of Aut(M(J C )) on the representative states of each class. The subalgebra annihilating the representative state gives, upon exponentiation, the stability group H.
For the class of Freudenthal triple systems considered here the Lie algebra Aut(M(J)) is given by
where Str(J) is the Lie algebra of Str(J) given by Str(J) = L J ⊕Der(J) [24, 25] . L J is the set of left Jordan multiplications by elements in
Its centre is given by scalar multiples of the identity and we may decompose Str(J) = L 1 F⊕Str 0 (J). Here, Str 0 (J) is the reduced structure group Lie algebra which is given by Str 0 (J) = L J ⊕ Der(J), where J is the set of traceless Jordan algebra elements. The Lie algebra action on a generic FTS element (α, β, A, B) is given by
where L C ∈ L J and D ∈ Der(J) come from the action of Str(J) = L J ⊕ Der(J) [25] [26] [27] [28] [29] [30] . The product X × Y is defined in (A6).
Let us now focus on the relevant example for three qubits, J = J C . In this case Der(J C ) is empty due to the associativity of J C . Consequently,
is now simply L J and has complex dimension 2. Recall, Str(J C ) and Str 0 (J C ) generate [SO(2, C)] 3 and [SO(2, C)] 2 , respectively the structure and reduced structure groups of J C . The Lie algebra action transforming a state (α, β, A, B) → (α , β , A , B ) may now be summarised by:
and we may now determine G/H i . 
So H 1 is parameterised by 5 complex numbers, two of which belong to L C ∈ L J = Str 0 (J C ) and so generate [SO(2, C)] 2 . The remaining three complex parameters from X ∈ J C generate translations. Hence, denoting semi-direct product by ,
with complex dimension 4.
Rank 2 and the class of biseparable states
. So H 2 is parameterised by 4 complex numbers. Three parameters, the one of L C and two of Y , combine to generate O(3, C). The remaining parameter X 1 , a singlet under the O(3, C), generates a translation. Hence,
with complex dimension 5.
3. Rank 3 and the class of W states
where we have used the identity See, for example, [24, 25] . So H 3 is parameterised by 2 complex numbers, namely the traceless part of Y which generates 2-dimensional translations. Hence,
with complex dimension 7.
Rank 4 and the class of GHZ states
So H 4 is parameterised by 2 complex numbers, the traceless part of L C , which spans L J = Str 0 (J C ) and therefore generates [SO(2, C)] 2 . Hence,
with complex dimension 7. Note, the GHZ class is actually a continuous space of orbits parameterised by one complex number, the quartic norm q. These results are summarised in Table V . To be clear, in the preceding analysis we have regarded the threequbit state as a point in C 2 × C 2 × C 2 , the philosophy adopted in, for example, [2, 6, 7] . We could have equally well considered the projective Hilbert space regarding states as rays in C 2 × C 2 × C 2 , that is, identifying states related by a global complex scalar factor, as was done in [10, 16, 31] . The coset spaces obtained in this case are also presented in Table V , the dimensions of which agree with the results of [16, 32] .
Note that the three-qubit separable projective coset is just a direct product of three individual qubit cosets SL(2, C)/SO(2, C) C. Furthermore, the biseparable projective coset is just the direct product of the two entangled qubits coset [SL(2, C)] 2 /O(3, C) and an individual qubit coset. The case of real qubits is treated in appendix B.
IV. CONCLUSIONS
We have provided an alternative way of classifying three-qubit entanglement based on the rank of a Freudenthal triple system defined over the Jordan algebra J C = C ⊕ C ⊕ C. Some of the advantages are as follows.
1. Since Ψ, T (Ψ, Ψ, Ψ), γ A , γ B , γ C and q(Ψ) are all tensors under SL(2, C) × SL(2, C) × SL(2, C), the classification of Table IV is manifestly SLOCC invariant. Contrast this with the conventional classification of Table I which, although SLOCC invariant, is not manifestly so since only ψ and Det a are tensors. The S A , S B and S C are only LOCC invariants.
2. The FTS approach facilitates the computation of the SLOCC cosets of Table V , which, as far as we are aware, were hitherto unknown. Table II have previously entered the physics literature through "magic" and extended supergravities [33] [34] [35] , and their ranks through the classification of the corresponding black hole solutions [36] [37] [38] . Indeed, although it is logically independent of it, the present work was inspired by the black-hole/qubit correspondence [23, [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] . The possible role of Jordan algebras and/or FTS in the context of entanglement was already mentioned in some of these discussions [23, 38, 40, 43-45, 47, 52, 53] , but we hope the explicit construction of the present paper opens the door to a quantum information interpretation of the other FTS of Table II [ 23] . In particular, the E 7 FTS, defined over the (split) octonionic Jordan algebra J O 3 , corresponds to the configuration discussed in [23, 43, 44, 52] , where it was interpreted as describing a particular tripartite entanglement of seven qubits.
Jordan algebras and the FTS appearing in
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For our purposes the relevant Jordan algebra is an example of the class of cubic Jordan algebras. A cubic Jordan algebra comes equipped with a cubic form N : J → F, satisfying N (λA) = λ 3 N (A), ∀λ ∈ F, A ∈ J. Additionally, there is an element c ∈ J satisfying N (c) = 1, referred to as a base point. There is a very general prescription for constructing cubic Jordan algebras, due to Springer [57] [58] [59] , for which all the properties of the Jordan algebra are essentially determined by the cubic form. We sketch this construction here, following closely the conventions of [19] .
Let V be a vector space, defined over a ground field F, equipped with both a cubic norm, N : 
2. A quadratic map,
3. A bilinear map,
4. A trace bilinear form,
A cubic Jordan algebra J, with multiplicative identity 1 = c, may be derived from any such vector space if N is Jordan cubic, that is: 
1. The trace bilinear form (A3d) is non-degenerate.
2. The quadratic adjoint map, : J → J, uniquely defined by Tr(A , B) = 3N (A, A, B), satisfies
The Jordan product is then defined using, 
Important examples include the sets of 3×3 Hermitian matrices, which we denote as J where AB is just the conventional matrix product. See [24] for a comprehensive account. In addition there is the infinite sequence of spin factors F ⊕ Q n , where Q n is an n-dimensional vector space over F [19, 24, 58, 60, 61] . The relevant example with respect to three qubits, which we denote as J C , is simply the threefold direct sum of C, i.e. J C = C ⊕ C ⊕ C, the details of which are given in section III A.
There are three groups of particular importance related to cubic Jordan algebras. The set of automorphisms, Aut(J), is composed of all linear transformations on J that preserve the Jordan product, 
For any Jordan algebra all derivations may be written in the form i [L Ai , L Bi ], where L A (B) = A • B is the left multiplication map [62] .
The structure group, Str(J), is composed of all linear bijections on J that leave the cubic norm N invariant up to a fixed scalar factor, N (g(A)) = λN (A), ∀ g ∈ Str(J).
Finally, the reduced structure group Str 0 (J) leaves the cubic norm invariant and therefore consists of those elements in Str(J) for which λ = 1 [18, 24, 62] .
The Freudenthal triple system
In general, given a cubic Jordan algebra J defined over a field F, one is able to construct an FTS by defining the vector space M(J),
An arbitrary element x ∈ M(J) may be written as a "2×2 matrix", 
where q(x, y, w, z) is the full linearisation of q(x) such that q(x, x, x, x) = q(x). 
